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1. INTRODUCTION 
Throughout this paper f will be an entire function which is real-valued 
on the real axis R. By the theorem of Paley and Wiener [ 1, p. 1031 f is of 
exponential type G and belongs to L’(R) if and only if 
(1.1) 
where 4 belongs to L2( -CT, 0). 
The investigations here arose from consideration of certain degenerate 
partial differential equations which are not well-posed unless the initial 
conditions are restricted to Hilbert spaces of functions whose Fourier 
transforms have compact support. Motivated by an intention to interpret 
these results we seek theorems which describe in what sense the oscillatory 
properties of ,f depend on 6. That is, restricting 0 should restrict the 
oscillation. The theorem proved in Section 2 concerns the behavior of only 
one pair of consecutive zeros, The discussion in the remarks will indicate 
that it is likely that this cannot be improved. Also the connection is made 
between this theorem and deeper results concerning the density of zeros. 
2. SEPARATION OF ZEROS 
THEOREM 2.1. Let f be an entire function of exponential type (T which is 
real-valued and square integrable on the real axis. If ,f has infinitely many 
zeros on this axis then there exists at least one pair of consecutive zeros 
whose distance apart is at least X/U. 
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Proof: We write i~,f’ll’ = s’ , I,/‘(.\-)I’ rl.v and then by an L’ version of 
Bernstein’s theorem [ I. p. 21 I] 
1l.f’ II d 0 Il.f‘ll 3 (2.1 ) 
We now assume that there exists M d n,lo such that each consecutive 
pair of zeros is separated by a distance less than M. We shall then show 
that this leads to a contradiction. 
Suppose consecutive zeros of ,f’ are located at n and h. Then by 
Wirtinger’s inequality, 13, p. 1851 we have 
Since the zeros do not accumulate at any finite point we can apply this 
procedure to every pair of consecutive zeros to obtain 
11.1‘11’<~ ll.f“V (2.2) 
By combining (2.1) and (2.2) we have 
; llf’ll d Il.f‘ll < + ll.f’ll~ 
Hence 711~~ < A4 and we have a contradiction. Thus there is a pair of 
consecutive zeros whose distance apart is at least Z/CT. 
Remarks. (i) Suppose all the zeros of ,f are real and its Fourier trans- 
form 4 E L”, 1 < p < co. Then a theorem of Levinson [ 1, pp. 1381463 
applies and the zeros have density D < a/n in the right-hand and left-hand 
half planes. Hence, as a corollary, they cannot always be separated by a 
distance less than or equal to s ifs < X/U. Theorem 2.1 gives an elementary 
proof of this corollary for p = 2. 
(ii ) The Fourier transform of the Bessel function J,(X) is ( 1 - f’) -. ‘, * 
with support [I - 1, 11. Also f,(x) is an even function and by 12, 
Problem 2, p. 891, it has exactly one pair of consecutive zeros, namely the 
first and its image, whose distance apart is at least 71. However, J,,(x) 
belongs to L”( - co, co), 2 < q < cc and its Fourier transform belongs to 
Lp( - 1, 1) for 1 < p < 2 and it does not satisfy the hypotheses of 
Theorem 2.1. 
(iii) The hypothesis that f is real-valued on the real axis is likely to 
be a significant constraint. It is possible that there exists f entire, of 
exponential type C, square integrable and complex-valued on the real axis, 
but with infinitely many zeros all separated by a distance less than II/O. 
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